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Apparent Failure of Scaling Methods
in Ramjet Connected-Pipe Testing
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The results of an evaluationof scaling methods for ramjet connected-pipe testing using previously reported data
are presented. The evaluationof scaling methods includes the pD scaling method and another method (termed mA
scaling here), which has not been previously documented but is in current use by the ramjet testing community.
In previous experimental studies, the results have not been systematically analyzed to determine the success or
failure of the scaling techniques. For the � rst time such an evaluation is presented, and it is concluded that neither
of the two methods is successful in scaling ramjet combustors.

Introduction

R AMJET propulsionsystem developmenthas receivedrenewed
attention in recent years. New ramjet systems are being devel-

oped for military and civilian use, including high-speed transporta-
tion and missile applications.1;2 The recentresurgenceof ramjets for
missile applicationscan be attributed to an improvement in speci� c
impulse, throttling ability, and range when compared to similar-
sized solid rocket motors. Also, the United States and Germany
have investedheavily in researchon supersoniccombustion ramjets
(scramjets) toward the development of a hypersonic-speed aircraft
propulsion system.

Many ramjet test programs rely on subscale combustor testing to
minimize the cost during development. Methods to replicate com-
bustion conditions in different-sizedramjet combustors (referred to
as scaling in this work) havenotbeen studied in depth.Two different
methods are currently used to predict the scale effects when testing
combustors that are a different size than the full-scale propulsion
system.

Liquid fuel ramjets of various sizes were investigated in two ex-
perimental studies,3;4 but the data were not analyzed systematically
to evaluate the success or failure of scaling techniques. This paper
presents for the � rst time such an evaluation. The only other data
reported in the literature5 were for a solid fuel ramjet, but neither the
geometry nor the reported data are suitable for the scaling analysis
presented here.

Connected-Pipe Testing
Connected-pipe testing is used for performance determination

and fundamentalcombustionstudies in ramjet and scramjet engines.
A schematic of a typical connected-pipefacility is shown in Fig. 1
with the standard station numbering2 indicated. In connected-pipe
testing, the air supply is connecteddirectly to the ramjet combustor
and, therefore,connected-pipetesting considersonly the combustor
performance and no aerodynamic or inlet effects. By considering
only the ramjetcombustor,theair supplyrequirementandequipment
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necessary for testing are minimized making connected-pipe testing
the most cost-effective method for evaluation and development of
ramjet engines prior to freejet and � ight testing.6

For the appropriate simulation of vehicle � ight conditions, the
air must be supplied at the stagnation temperatures and pressures
that are to be encountered during � ight. To supply the combustor
with the high-temperature air necessary to simulate the conditions
producedby a supersoniccompressioninlet, a vitiatedheater is used
to increase the air temperature.A vitiatedheater uses combustionof
a fuel added to the air� ow to increase the temperature.Also, oxygen
is added to the � ow� eld to offset the consumption of oxygen by
the combustion of the vitiator fuel. There are two approaches to
oxygen replenishment: 1) makeup oxygen is added to preserve the
mass fraction of oxygen in the vitiated air supply and 2) makeup
oxygen is added to preserve the volumetric content of oxygen in
the vitiated air supply. Both of these vitiator methods are discussed
in Ref. 2. By adding the fuel and makeup oxygen, the composition
of the oxidizer supplied to the combustion chamber is no longer
that of air because it includescombustionproducts from the vitiated
heater. The composition can generally be considered to be all of
the constituents (air, vitiator fuel, and makeup oxygen) at chemical
equilibriumat the static temperatureand pressureof the inlets to the
ramjet combustor.

Scaling in Ramjets
In the 1960s, the Combustion Institute recognized the need to

investigate combustion scaling and held a session at the 9th Inter-
national Symposium on Combustion devoted to the topic of scaling
with particular interest in ramjet combustors.7;8 A method, referred
to as pL scaling,which had been used in gas turbines,was presented
as the most appropriate approach in ramjets.8

The method of pL scaling was so named because the goal of the
method was to reproduce the same � ow� eld patternsby keeping the
product of the combustorpressure p and a characteristiclength L to
be a constantbetween the scaled combustors.Currently, the method
is most commonly referred to as pD scaling and shall be identi� ed
as such throughout this paper.

Experimental studies on ramjet scaling that are available in the
open literatureare limited to two studiesin the mid-1970sat the U.S.
Air Force Wright Laboratory3;4 (WL) and one study at the Israel
Institute of Technology in the early 1990s.5 All of these studies
used pD scaling as the criteria to set up the test matrix. The WL
experimentalprogramsused liquid-fueledramjets and are discussed
in detail in later sections of this paper. The study in Israel was for
the development of solid-fueled ramjets, where cylindrical-shaped
fuel grains were used as the inside walls of the ramjet combustor.
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Fig. 1 Schematic of connected-pipe testing.

Whereasall of thesestudiesconcludedthatpD scalingcanbe applied
to ramjets, the studies lack any analysis of experimental results to
support their conclusions.

There areno othermethodsfor ramjet scalingthat arepresentedin
the open literature.However, anothermethod (which will be termed
mA scaling here) has been used and is possibly used with more
frequency than pD scaling in the ramjet testing community. The
method of mA scaling is an attempt to produce the same pressure
in the subscale ramjet combustor as in the full-scale combustor. In
practice the same pressure is only achieved if the thermal ef� ciency
of the combustor is the same between the full-scale and subscale
combustors. A review of the analytical reasoning of both pD and
mA scaling is discussed in the following section.

Similarity Considerations in Ramjet Combustion
Absolute similarity between different-sized combustors implies

that the combustion process occurs exactly the same. However, as
statedby Spalding,7 it is not physicallypossibleto replicatethe same
combustion process exactly in different-sized combustors. There-
fore, in combustion modeling a partial similarity approach is taken
because a strict adherence to similarity theory cannot be maintained
in all processes.9

Geometry

Geometric similarity is a � rst step in the attempt to achieve sim-
ilarity in different-sized combustors. The desire to have the same
geometry for the combustor as well as the fuel injection system is
becauseof geometryeffects on replicatingthe same � uid mechanics
� ow structure. Geometric similarity of a subscale combustor and a
full-scale combustor is achieved when all length dimensions in all
coordinates have the same linear-scale ratio.10 That is, the ratio of
each scaled length to the full-scale length is constant. In geometric
similarity, all angles and all � ow directions are preserved.

The result of observing geometric similarity in typical ramjet
combustors is constant values for some nondimensionalgroupings
of parameters.The parameters include the ratio of combustor length
to combustordiameter L=D, combustor to nozzle area ratio A4=A5,
and the ratio of inlet area to combustor area A2=A4. The nozzle area
ratio A4=A5 is held constant to have the same Mach number in the
combustor.The inlet area ratio A2=A4 is matched so that the sudden
expansion region of the air inlet is reproduced to try to replicate the
recirculation � ow� eld at the dump station.

A parameter that is not consistent with geometric similarity, but
is sometimes matched in scaling, is the characteristiclength L¤. The
characteristic length is de� ned as

L¤ D .A4=A5/ L (1)

where L is the combustor length. L¤ has the dimensions of length
and is used to replicateparticle residence time in certain conditions.

It should be noted that L=D, A4=A5 , and L¤ cannot all be matched
at the same time. When the nozzle area ratio A4=A5 is matched,
matching L¤ is reduced to simply matching the same overall length
from the full-scale to the subscale.

Mixing

Ramjet combustors are characterized by a turbulent diffusion
� ame. Mixing between the fuel and air is promoted in recirculation
zones in the combustor, where the � ame holding generally occurs.
In coaxial ramjets and in side-dump ramjets, the recirculation zone
is caused by sudden expansion from the air inlet to the combustor.

In consideringsimilarity of mixing and transport processes, sim-
ilarity parameters from viscous � ow and diffusionrelationsare con-
sidered.Dynamic similarity of turbulent mixing can be achieved by
maintaining a constant Reynolds number,

Re D ½V D=¹ (2)

where ½ is the density, V is velocity, D is a characteristic length
dimension, and ¹ is the viscosity.

Other � uid � ow similarity parameters include Froude number Fr
and Grashof number Gr , both of which consider bouyancy effects
in the � ow. Bouyancy effects in high Reynolds number � ows such
as in ramjets are not consideredimportant in combustionmodeling.9

Also, because ramjets are governed by turbulent mixing, Schmidt
number,which is a measureof themolecularmixing,may beconsid-
ered unimportant in ramjet combustion. Therefore, Reynolds num-
ber matching is considered most important for similarity in the
mixing and transport processes between different-sized combus-
tors. However, there have been studies that indicate at high values
of Reynolds number, such as those in ramjets, the � ow patternsmay
become independent of Reynolds number.9 Fuel distribution and
mixing for the complex geometry of solid-fuel ramjets are covered
thoroughly in Refs. 5 and 11.

Compressibility

Similarityof compressibilityis achievedby matchingMach num-
ber of the � ow. Mach number controls the ratio of dynamic to static
pressureand affects totalpressureloss and � ame holdingin the com-
bustor.Compressibilityeffectsin most ramjet combusting� ow� elds
are considered to be slight. In fact, even though compressibility
effects are considered to become important in most � ows around
Mach 0.3 and greater, one study states that compressibility effects
in ramjet combusting � ow� elds are not signi� cant until Mach 0.8
and higher.7

Heat Transfer

Usually, radiation heat transfer is not addressed in combustion
similarity analysis and is sometimes considered insigni� cant in
ramjets.5 Other studies have noted that modeling radiation effects
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cannot be done in different-sizedcombustors of constant Reynolds
number.9 Also, because the � ow in ramjets is turbulent, molecu-
lar conduction should have only minor effects and is not usually
considered in similarity of heat transfer effects.

The requirementof similarity in convectiveheat transferis met by
matching Nusselt number, which is a function of Reynolds number
and Prandtl number. If the different-sizedcombustorshave the same
fuel at the same thermal ef� ciency, the Prandtl number is constant.
Therefore, by matching the Reynolds number, the convective heat
transfer similarity requirements are maintained.

In combustionwith two phasemixtures,severaladditionalparam-
eters must be maintained to assure similarity between the subscale
and full-scale combustor.These parameters involve the atomization
of fuel and thermal and diffusional interactionsbetween phases. As
noted in previous works,12 the quantities that should be maintained
are the ratio of fuel velocity to gas velocity, the ratio of ignition de-
lay to residence time, and the ratio of evaporation time to residence
time.

Chemical Kinetics

Chemical kinetic relations are associated with several important
processes in ramjet combustion and include the ignition time and
reaction time, which are the primary concerns in providing similar
chemicalkinetics in ramjets. The nondimensionalsimilarity param-
eters used for chemical kinetics are the ratio of residence time to
reaction time and the ratio of residence time to ignition time.

The ratio of the residence time to the reaction time is the so-
called Damköhler’s turbulent mixing number (also referred to as
Damköhler’s � rst number), which can be expressed as

D
¿res

¿react

(3)

where ¿react is the reaction time and ¿res is the particle residence time,
which can be expressed as

¿res D L=V (4)

where L is the combustor length and V is the velocity in the com-
bustor. Previous studies7¡9 have shown the relationship between
reaction time and combustor pressure p to be

¿react D 1=pn ¡ 1 (5)

where n is the reaction order. In the combining of Eqs. (3–5),

D
pn ¡ 1L

V
(6)

The value of n is usually assumed to be 2, which corresponds to
a bimolecular reaction. Some studies have used experimental data
curve � ts to � nd a value forn in air breathingenginesother than ram-
jets. The values for n in these investigations10 had values close to 2.

Now, consider the ratio of residence time to ignition time to be
constant,

¿res=¿ig D const (7)

Previous studies5 have shown the relationbetween the ignition time
¿ig and pressure to be

¿ig / 1=P (8)

Now, if the ratio of the residence time to the ignition time is held
constant in scaling, as shown in Eq. (7), the resultant relation from
Eqs. (8) and (4) is

pL=V D const (9)

It can be seen that the conditionsof constant Damköhler number
in Eqs. (6) and (9) are simultaneously satis� ed only for the case of
n D 2.

Other parameters that should be considered for chemical ki-
netic similarity in different-sized ramjet combustors are the inlet
enthalpies, fuel and air composition, and the equivalence ratio. A
common inlet temperature of both air and fuel is used to match the
inlet enthalpy closely.

Scaling Methods
There are two methods used for ramjet combustion scaling in

connected-pipe testing. These are based on different assumptions
and ways to consider matching the various similarity parameters
associated with mixing and chemical kinetics.

pD Scaling

The method referred to as pD scaling is based on using different
combustor pressures to match the Reynolds number and match-
ing trends in the chemical kinetic similarity parameters. Geometric
similarity is maintained between the full-scale and subscale com-
bustors. Considering the combustor length to diameter L=D to be
constant, the chemical kinetic similarity requirements of Eqs. (6)
and (9) can be expressed in terms of the combustor diameter D,
instead of combustor length L , as

pD=V D const (10)

where the reaction-orderexponent n in Eq. (6) is assumed to be 2.
For similarity in mixing, the Reynolds number is matched. The

assumption is made that the � ow� eld can be treated as an ideal gas
and, therefore, Reynolds number matching can be expressed as

Re D ½VD

¹
D . p=RT /VD

¹
D const (11)

which simpli� es to

pVD D const (12)

because the temperature, gas constant and viscosity of the � ow are
matched for an ideally scaled combustion condition.

The pD scaling approach is based on the assumption that the
velocities are very similar in the different-sizedcombustors leaving
the product of combustor pressure and diameter to be constant. If
the scaling method works so that the thermal ef� ciency is the same
in both combustors, the temperature of the combusting � ow will
be very similar for the two combustors, even though a difference
in combustion pressure exists. This is true because temperature is
a weak function of pressure in ramjets. The similar temperature
values result in similar speeds of sound values. Because the Mach
number is matched for compressibility effects, the velocities in the
different-sizedcombustors are similar. Again, this condition is met
only if the thermal ef� ciency values are suf� ciently close between
the combustors.

In practice, the experimenter cannot � x pD to be constant when
performing experiments because the combustion pressure is a mea-
sure of the combustionperformance.The pD scaling is attemptedby
sizing the mass � ow through the combustor accordingto the change
in diameter as

Pm=D4 D const (13)

If the method providesappropriate similarity between the different-
sized combustors, the product of the combustor pressure and the
diameter pD is the same in the different-sized combustors, and the
thermal ef� ciencies of the two combustors are the same.

mA Scaling

Another scaling method used by several facilities has not been
presented in the open literature. The method is based on matching
the combustor pressures of the full-scale and subscale combustors.
This method, referred to as mA scaling in this work, is usually ap-
plied with geometric similarity.Occasionally, the method is applied
with a constant L¤ resultingin the same combustor lengthfor thedif-
ferentdiametercombustors.Using this method, the chemicalkinetic
parameters of reaction time and ignition time are matched exactly
if the method is successful (produces the same pressure in the full
and subscale combustors). When L¤ is matched, the purpose is to
also match the particle residence time ¿res in addition to the ignition
and reaction times.
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The choice to use a constant L=D or a constant L¤ depends on
the speed of the � ow in the combustor. If the residence time is
signi� cantly greater than the reaction time, L=D is usually held
constant. If the reaction time is suf� ciently close to the residence
time, the length of the differentdiameter combustors is usually held
constant (constant L¤). The logic is that if the particle is in the
combustormuch more time than it takes to burn, appropriatescaling
should be more related to mixing, which should occur in shorter
distances in the subscale combustor. However, for situations such
as those encountered in scramjet (supersonic ramjet) combustion,
the � ow� eld is suf� ciently fast so that the residence time becomes
the most important parameter to match.

For matching the mixing conditions, the method assumes that the
recirculation patterns are produced similarly in the different-sized
combustorsdespite the Reynolds number not being matched. Previ-
ous studies9 on combustion modeling have noted that the � ow� eld
in these types of combustorsmay be Reynoldsnumber independent.

In practice, this method for scaling is attempted when the mass
� ow rates are scaledaccordingto the area ratiosof the combustorsas

Pm=A4 D const (14)

In this paper, this method is referred to as mA scaling becauseof the
method of application (mass � ow is scaled with area, not diameter
as in pD scaling). Using this method, if the thermal ef� ciency of the
different-sizedcombustors is matched, the pressure in the different-
sized combustors is also matched (the goal of this method).

Evaluation of Scaling Methods
Three previous experimental programs3¡5 that investigated scale

effects in ramjet combustion have been presented in open litera-
ture. Two were performedusing liquid-fuelramjets during the mid-
1970s at WL.3;4 The third study was performed using solid-fuel
ramjets at Technion, the Israel Institute of Technology, in the early
1990s.5 The effectiveness of the pD and mA scaling methods is
evaluated here using the data from the WL programs. The WL data
have never been analyzed in a systematic manner such as that used
here. The Technion data are not analyzed in this study for reasons
discussed next.

The most recent study of ramjet scaling was performed at Tech-
nion using a solid-fuel ramjet.5 The test program did not consider
different-sized combustors, but rather fuel regression in a single
solid-fuel ramjet. In this ramjet geometry, the combustorwall diam-
eter changes throughout a single test as the solid fuel is consumed.
Therefore, the experimental results at different times for a single
combustorwere used to consider combustionconditionsat different
diameters.The tests were designedbasedon the pD scaling method,
which the authorsconcludeas applicableto solid-fuel ramjets based
on the experimental results that were reported.5 However, the au-
thors chose to use combustion ef� ciency based on characteristic
exhaust velocity C¤ as the performance parameter to consider for
scaling. This method is identical to the parameter ´C¤ that is dis-
cussed in Refs. 12 and 13. As shown in Refs. 12 and 13, combustion
ef� ciencybasedon C¤ is not suitablefor use in characterizingthe ef-
� ciency of the combustionprocess in ramjet combustors.This issue
is discussed further in the “ExperimentalResults” section. Because
no measurement data from that test program were reported, further
analyses of the experimental results were not possible in this study.

Fig. 2 General design of WL coaxial liquid fuel ramjet.

The emphasis of the WL test programs was to consider the in� u-
ence of many geometric parameters on thermal ef� ciency in diff-
erent-sized ramjet combustors. In all, several hundred connected-
pipe testswere performed.The test conditionsfor the different-sized
combustors included tests that matched the criteria for both pD and
mA scaling methods. Although the WL test programs used pD scal-
ing for test planning of certain test conditions, the primary focus of
the tests was not the investigationof scale effects.Consequently,no
conclusions applicable to the scaling methods were presented. In
fact, the test conditions that match the mA scaling method were not
planned on the basis of mA scaling. Fortunately, the technical re-
ports of these test programs3;4 presented much of the measurement
data so that more analysis could be performed as described in the
following sections.

Experimental Approach

The WL experimental work consisted of two different test pro-
grams. The � rst test program included 2-, 3-, 4-, and 5-in.-diam
liquid-fueled ramjet combustors, was reported3 in 1974, and is re-
ferred to as WL74 in this work. The second test program consisted
of 5-, 8-, and 12-in.-diam liquid-fueled ramjet combustors, was
reported4 in 1976, is referred to as WL76. The two programs used
slightly different combustor designs and utilized different thrust
stands for measurements. For evaluation of scaling methods, all of
the results can be consideredas a single data set as long as no cross
comparisons (WL74–WL76) are made.

Both experimentalstudiesat WL used a coaxial � ow, singledump
station liquid-fueled ramjet. A schematic of the general combustor
design is presented in Fig. 2. The ramjet fuel used in both exper-
imental studies was JP4, which was injected transversely into the
vitiated airstream through ori� ces upstream of the dump station.
The combustors were fabricated from schedule 40 stainless steel
pipe sections. The air inlet duct was fabricated from schedule 40
stainless steel pipe with diameters that equaledone-half of the com-
bustor diameters. A more detailed descriptionof the hardware used
in the experimental programs is presented in Refs. 3 and 4.

The goal of the � rst experimental program was to identify the
effects that varying geometry and other operating conditions have
on thermal ef� ciency. This was accomplished by evaluating base-
line conditions at several equivalence ratios and then varying the
air� ow rate, L=D, L¤, A4=A5 , and the number of fuel injection ori-
� ces. These effects were observed in different-sized combustors.
The baseline conditions for the different-sized combustors were
planned on the basis of pD scaling. The conditions that deviate
from the baseline conditions include tests that match mA scaling
and additional tests that match pD scaling.

The goal of the second experimental program was to observe the
effects of varying the same parameters in larger sized ramjet com-
bustors at lower pressures. In this program, baseline conditions at
different equivalence ratios were tested in the different-sized com-
bustors. The effects from varying the other parameters were ob-
served in only one combustor size.

Experimental Results

Data from the WL programs for tests that can be used to evalu-
ate scaling methods are presented. The test conditions are grouped
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according to the scaling methods that are matched. The conditions
for pD and mA scaling reported in WL74 are presented in Tables 1
and 2, respectively. The tests in WL76 that match pD scaling are
presented in Table 3. The test numbers in Tables 1–3 correspond
to the order of data reported in Refs. 3 and 4 and are used to pro-
vide identi� cation between test conditionsand results. The majority
of the 2-in. combustor tests reported in Ref. 3 did not accomplish
sustainedcombustionand are not consideredfor the purposeof eval-
uating scaling methods. It was noted that heat loss effects may have
contributed to the poor performance of the 2-in. combustors.3

In Tables 1 and 3, the value for the product of the ideal combustor
pressure and the combustor diameter (pD) is reported for each of
the pD scaled conditions. Similarly, in Table 2 the ideal combustor
pressure is reported for each of the mA scaled conditions.The ideal
combustor pressure was determined as described in Ref. 12.

Some WL76 tests were reportedaspD scaling testsdo not actually
match the pD scaling method. In WL76, the 5-in. combustor tests
have a constantvalue for the productof the ideal combustorpressure

Table 1 WL74 pD scaling test conditions

Test number Test Fuel/air pD Value (ideal),
5 in. 4 in. 3 in. description ratio psia-in.

1 17 38 Baseline 0.026 210
2 18 39 Baseline 0.040 210
3 19 40 Baseline 0.055 210
123 17 38 Baseline 0.025 210
125 18 39 Baseline 0.040 210
127 19 40 Baseline 0.055 210
76 107 —— L=D D 2:25 0.025 210
77 108 —— L=D D 2:25 0.040 210
78 109 —— L=D D 2:25 0.055 210
147 120 —— 4 Injection ori� ces 0.040 210
148 122 —— 4 Injection ori� ces 0.054 210
7 28 —— High pressure 0.055 405
—— 23 44 High pressure 0.025 300
—— 25 46 High pressure 0.039 300
—— 25 46 High pressure 0.054 300
12 33 51 High velocity 0.039 190
13 34 52 High velocity 0.055 190
11 —— 50 High velocity 0.025 190
—— 29 47 Low velocity 0.026 240
—— 30 48 Low velocity 0.039 240
—— 31 49 Low velocity 0.055 240

Table 2 WL74 mA scaling test conditions

Test number Test Fuel/air p4 (ideal),
5 in. 4 in. 3 in. description ratio psia

1 20 —— 5 in. baseline/4 in. 0.025 42
low pressure

2 21 —— 5 in. baseline/4 in. 0.039 42
low pressure

3 22 —— 5 in. baseline/4 in. 0.054 42
low pressure

4 23 —— 5 in. high pressure/4 in. 0.025 72
high pressure

5 24 —— 5 in. high pressure/4 in. 0.040 72
high pressure

6 25 —— 5 in. high pressure/4 in. 0.055 72
high pressure

—— 17 41 4 in. baseline/3 in. 0.025 52
low pressure

—— 18 42 4 in. baseline/3 in. 0.040 52
low pressure

—— 19 43 4 in. baseline/3 in. 0.055 52
low pressure

—— 26 44 4 in. high pressure/3 in. 0.025 105
high pressure

—— 27 45 4 in. high pressure/3 in. 0.040 105
high pressure

—— 28 46 4 in. high pressure/3 in. 0.055 105
high pressure

Table 3 WL76 pD scaling test conditions

Test number Test Fuel/air pD Value (ideal),
5 in. 4 in. 3 in. description ratio psia-in.

—— 206 214 Scaling 0.025 185
—— 207 215 Scaling 0.031 200
202 208 216 Scaling 0.033 210
—— 209 217 Scaling 0.040 220
—— 210 218 Scaling 0.046 230
—— 211 219 Scaling 0.051 235
—— 212 220 Scaling 0.055 240
—— 213 221 Scaling 0.062 250

Table 4 Reported fuel to air ratios
related to equivalence ratio

Fuel/air ratio Equivalence ratio

0.025 0.30
0.040 0.44
0.055 0.58
0.062 0.65

and the combustor diameter (pD). However, the tests for the 8-, and
12-in. combustorshave pD values that increasewith increasingfuel-
to-air ratio. Therefore, the tests listed in Table 3 do not include all
of the tests reported4 as pD scaling tests in WL76 because they do
not meet the criteria for pD scaling.

The selected data presented in Tables 1–3 were chosen on the
basis of matching the methods of application for the scaling meth-
ods within speci� c bounds. The criteria for deciding whether the
conditions in two tests suf� ciently correspond to a scaling method
were to choose only test conditions whose fuel-to-air ratios were
reported to be valued within 0.003 of each other and whose air� ow
rates were scaled matching either pD or mA scaling.

For the test conditions presented in Tables 1 and 2, there were
target fuel-to-air ratios of 0.025, 0.040, and 0.055, whereas the test
conditionsin Table 3 covereda slightlybroader range of values.Re-
ported fuel-to-air ratio values are related to the equivalence ratios
for the vitiated air/JP4 mixture as presented in Table 4. The reported
fuel-to-air ratio does not include the vitiator fuel and oxygencontri-
bution, which is estimated as discussed later. In Table 4 the range of
fuel-to-air ratios represent the range used in the two test programs.
It should be noted that the equivalence-ratiorange evaluated in the
test conditions represents typical operating � ight conditions for a
ramjet. Consequently,the equivalenceratios evaluatedin WL74 and
WL76 do not approach the fuel-lean and fuel-rich � ame-out limits.

The thermal ef� ciency values reported in the WL technical re-
ports are based on thrust measurements.Which of the eight possible
thrust-baseddata-reductionmethods12;13 used to determine thermal
ef� ciency is unknown. Also, between the two test programs the
thrust stand for the test facility was replaced due to the age of the
stand. In the � rst experimental program, pressure measurements
were recorded and, therefore, thermal ef� ciency can be estimated
independentof thrust for comparison and validationof the reported
values.

To accurately estimate the thermal ef� ciency based on pressure
measurements, the vitiator � ow rates must be known or approxi-
mated. In discussions with personnel at WL, it was reported that
JP4 was used as the vitiator fuel and that replenishmentoxygen was
added so that the oxygen mass percentage of the vitiator products
was consistentwith ambient air. Also, the heater was iterativelyde-
signed and evaluated to perform at a nominal value of 95% thermal
ef� ciency.

The mass percentage method of oxygen replenishment requires
the following chemical equation for the vitiator:

C9H17 C 18:1 ¢ O2 C air D 8:5 ¢ H2O C 9 ¢ CO2 C 4:8 ¢ O2 C air
(15)

where JP4 is expressed as C9H17 . Equation (15) establishes the
proper ratio of JP4 to replenishmentoxygen to estimate the vitiator
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� ow rates. For the analysis, the � ow rates were estimated assuming
95% heater thermal ef� ciency based on chemical equilibriumat the
reported inlet temperature using the JANNAF PEP code.14 The pro-
cedure for estimatingvitiator � ow rates is presented in Ref. 12. Note
that the reportedair� ow rate provided in the WL technical reports3;4

is the air� ow rate without the vitiator fuel and oxygen.
Figure 3 shows the calculated pressure based thermal ef� ciency

estimates using the method described as “method (1,2)” in Refs. 12
and 13 compared to the reported thrust-basedvalues for the WL74
5-in. combustor tests used in the pD scaling and mA scaling anal-
ysis. As can be seen in Fig. 3, the pressure-based estimates of the
thermal ef� ciency are very similar to the reported thrust-based ther-
mal ef� ciency values. The 4- and 3-in. combustor tests used for
the scaling investigation also showed that pressure-based thermal
ef� ciency estimates have similar values compared to the reported
thrust-based values. The estimates of the thermal ef� ciency based
on the pressure measurements help to validate the reported thrust-
based values. Because the pressure-basedestimates are made using
estimates of the vitiator � ow rates, the reported thrust-basedvalues
are used for the analysis of the scaling methods.

Because suf� cient data were reported,3 C¤ ef� ciency estimates
were madeusing themethoddescribedas “method2” in Refs. 12 and
13. Figure 4 shows pairs of ´1T and ´C¤ estimates based on pressure
for the 5-in. combustor tests and arranged in order of increasing
´1T . The values in Fig. 4 support the discussion in Refs. 12 and 13
regarding the limited resolutionof values for ´C¤ compared to ´1T .
The trends of ´C¤ in Fig. 4 do not exactly correlate to trends in ´1T .
The pairsofvaluesare arrangedin orderof increasing´1T . However,
´C¤ does not always increase from one set of values to another.
This is because at different � ow rates, the theoretical pressure rise
in the combustor is different, which results in different resolution
of possible values for ´C¤ . Figure 4 shows why ´C¤ should not be
used for ramjet performancedetermination(as discussed in Refs. 12
and 13).

Although no effort to evaluate the repeatability of performance
at identical test conditionswas recorded, there are some data which
can be reviewed as an indication of performance repeatability.The
conditions and reported ef� ciencies for the similar tests are pre-
sented in Table 5. The maximum difference in thermal ef� ciency
for similar test conditions is 5.7%. The average difference for the
10 comparable sets of thermal ef� ciency values is 2.6%. The preci-

Fig. 3 WL reported vs pressure-based thermal ef� ciency for 5-in. combustor tests.

sion uncertaintyin the WL tests is not known,but it appearsfrom the
values in Table 5 that an uncertainty estimate of 3–4% of reading,
is of the correct order.

Analysis of Results
To objectivelyevaluatethe successof the scalingmethods,a com-

parison of thermal ef� ciency values at equivalent-scaledconditions
for the different-sizedcombustors is used. In comparing the values,
it is necessary to consider the overall uncertainties in the thermal
ef� ciencies to determine if a match is achieved. In this analysis, the
words match and matching are used to denote cases that may have
a common true value for thermal ef� ciency for two different-sized
combustors. Three different levels of estimated uncertainty for the
thermal ef� ciencies are used so that the matching of the scaling
methods can be observedas a functionof possibleuncertaintylevel.

The uncertainty in a result is given by15

Ur D .Br /2 C .Pr /
2

1
2 (16)

where Br is the bias or systematic uncertainty, Pr the precision
uncertainty, and Ur the overall uncertainty in the result. Typical
bias uncertainty estimates for the thrust-based thermal ef� ciency

Table 5 Repeatability data for WL74 test program

Test Combustor Fuel/air ´1T ,
Test condition number diameter ratio %

Baseline 1 5 0.027 62.3
Baseline 123 5 0.028 68.0
4 Injection ori� ces 146 5 0.028 63.1
Baseline 2 5 0.039 61.8
Baseline 125 5 0.040 66.4
4 Injection ori� ces 147 5 0.041 65.6
Baseline 3 5 0.054 74.9
Baseline 127 5 0.053 74.4
L=D D 6 82 5 0.025 89.1
L=D D 6 131 5 0.027 88.4
L=D D 6 83 5 0.040 91.5
L=D D 6 133 5 0.042 89.6
L=D D 6 84 5 0.055 86.4
L=D D 6 135 5 0.055 88.4
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Fig. 4 Thermal ef� ciency and C ¤ ef� ciency values.

methods are presented in Refs. 12 and 13 and range from 2.9 to
4.1% of reading for the eight different thrust-basedmethods. A bias
uncertainty estimate of 3.5% of reading was chosen for this study.
Thus, the precision uncertainty and the bias uncertainty are esti-
mated to be approximately equal. Three different estimates of the
overall result uncertaintyin the thermal ef� ciency valuesare used in
evaluating the scaling methods. The values of 3.5% of reading, 5%
of reading, and 8% of reading correspond to cases with typical pre-
cision uncertainty only, combined bias and precision uncertainties,
and an upper bound uncertainty, respectively.

When checking the criteria for considering matches between
different-sized combustor tests, one might consider that any over-
lappingof uncertaintybands would be suf� cient to indicate a match
for the speci� ed uncertainty estimate. This would not be the most
appropriateapproach.Recall that theuncertaintyestimatesarebased
on a 95% coverage of the true value within the uncertainty band. If
all overlapping uncertainty bands were considered matches, there
may be cases where the overlap is very close to the outer limits of
both uncertainties,which would result in conditionsthat countedas
matches that are not statisticallylikelyto containa true valueof ther-
mal ef� ciency that satis� es both tests.A more appropriateapproach
was presented by Coleman and Stern16 in considering validationof
computational� uid dynamics (CFD) codes with experimentaldata.
Following a similar approach, consider the equation

1 D j´1T ;1 ¡ ´1T ;2j (17)

where 1 is the difference between two thermal ef� ciency values
represented as ´1T ;1 and ´1T ;2 . This difference, 1, would be zero
for an exact scaling match with perfect measurements. Then, the
uncertainty U1 in the difference of the thermal ef� ciency values
can be expressed as

U 2
1 D @1

@´1T ;1

2

U 2
´1T;1

C @1

@´1T ;2

2

U 2
´1T ;2

D U 2
´1T ;1

C U 2
´1T;2

(18)

where U´1T;1 and U´1T;2 represent the uncertainties in the thermal
ef� ciency values that are being compared. When 1 is less than its

uncertaintyU1 , the two compared tests are considered a match for
the scaling method being considered.

Note that Eq. (18) does not include the effects of correlated bias
uncertainties17 in the comparison of the thermal ef� ciency values.
Considering that the compared tests were conducted in the same
facility, the correlated bias effects would decrease the uncertainty
U1 to a value approximatedby using only the precisionuncertainty
valuesof the thermalef� ciencies in Eq. (18). Thus, theU´1T D 3:5%
case appears to be the most appropriate for evaluating the scaling
methods.

One can observe that an increase in the uncertainty estimates of
the thermal ef� ciency values will increase the number of matches.
However, as the uncertainty in the data increases, a point is reached
where the data become useless from a practical standpoint.

Tables6 and7 show the testdataandnumberofmatchesfor thepD
and mA scaling methods for tests reported in WL74 for the different
uncertaintyestimates.Table 8 presents the data and matches for the
tests in WL76. The tests that did not sustain combustion are also
listed in these tables, but are not compared for matches.

The comparisonsfor tests of pD and mA scaling from WL74 rep-
resent a muchbroaderstudy than thosetests from WL76, which con-
sider pD scaling for larger size combustors at varying equivalence
ratios. A breakdownof the differentparameters that varied in WL74
tests is provided in Table 9, where a fractional value is given to rep-
resent the number of matches over the number of test conditions
where applicable.

Discussion of Results
The analysis of results indicates that the two scaling methods

provide matching of thermal ef� ciency for different-sizedcombus-
tors only in a limited number of test conditions. Both pD and mA
scaling consistentlyfailed to achieve a high rate of matched thermal
ef� ciencies for all of the different conditions (WL74) presented in
Tables 6 and 7, which are further analyzed in Table 9.

The experimental results that did show better matching were the
limited number of tests (WL76) of the 5-, 8-, and 12-in. combustors
that used pD scaling and that are presented in Table 8. In these tests,
the ideal pressures of the combustors were lower than those of the
WL74 scaling tests due to the larger size combustorsand the method
of applicationforpD scaling.It is notknownif the increasedmatches
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Table 6 WL74 tests: pD scaling analysis

Test numbers
U1 for the case U1 for the case U1 for the case

5 in. 4 in. 3 in. U´1T D 3:5% U´1T D 5:0% U´1T D 8:0%
5 in. 4 in. 3 in. ´1T , % ´1T , % ´1T , % 1, % of reading, % of reading, % of reading, %

1 17 —— 62.3 71.4 —— 9.1 3.3 4.7 7.6
1 —— 38 62.3 —— 62.3 0.0 3.1

pa 4.4
p

7.0
p

—— 17 38 —— 71.4 62.3 9.1 3.3 4.7 7.6
2 18 —— 61.8 83.6 —— 21.8 3.6 5.2 8.3
2 —— 39 61.8 —— 74.9 13.1 3.4 4.9 7.8
—— 18 39 —— 83.6 74.9 8.7 3.9 5.6 9.0

p

3 19 —— 74.9 81.2 —— 6.3 3.9 5.5 8.8
p

3 —— 40 74.9 —— 72.5 2.4 3.6
p

5.2
p

8.3
p

—— 19 40 —— 81.2 72.5 8.7 3.8 5.4 8.7
p

123 17 —— 68.0 71.4 —— 3.4 3.5
p

4.9
p

7.9
p

123 —— 38 68.0 —— 62.3 5.7 3.2 4.6 7.4
p

125 18 —— 66.4 83.6 —— 17.2 3.7 5.3 8.5
125 —— 39 66.4 —— 74.9 8.5 3.5 5.0 8.0
127 19 —— 74.4 81.2 —— 6.8 3.9 5.5 8.8

p

127 —— 40 74.4 —— 72.5 1.9 3.6
p

5.2
p

8.3
p

76 107 —— 58.0 52.5 —— 5.5 2.7 3.9 6.3
p

77 108 —— 45.9 48.9 —— 3.0 2.3 3.4
p

5.4
p

78 109 —— 64.5 69.9 —— 5.4 3.3 4.8 7.6
p

147 120 —— 65.6 63.6 —— 2.0 3.2
p

4.6
p

7.3
p

148 122 —— 59.9 75.9 —— 16.0 3.4 4.8 7.7
7 28 —— 79.8 81.0 —— 1.2 4.0

p
5.7

p
9.1

p

—— 23 44 —— 68.1 63.0 5.1 3.2 4.6 7.4
—— 24 45 —— 84.3 77.1 7.2 4.0 5.7 9.1

p

—— 25 46 —— 83.3 76.1 7.2 3.9 5.6 9.0
p

12 33 —— 64.8 70.8 —— 6.0 3.4 4.8 7.7
p

12 —— 51 64.8 —— 70.9 6.1 3.4 4.8 7.7
p

—— 33 51 —— 70.8 70.9 0.1 3.5
p

5.0
p

8.0
p

11 —— 50 63.9 —— 56.3 7.6 3.0 4.3 6.8
—— 29 47 —— 64.5 70.0 5.5 3.3 4.8 7.6

p

—— 30 48 —— 74.6 65.5 9.1 3.5 5.0 7.9
13 34 —— 54.2 ¤b —— —— —— —— ——
13 —— 52 54.2 —— ¤ —— —— —— ——
—— 34 52 —— ¤ ¤ —— —— —— ——
—— 31 49 —— 66.7 ¤ —— —— —— ——
Number of matching cases (1 < U1 ) for 30 comparisons 7 8 21
% Matching of total comparisons 23 27 70

ap
Indicates a match. b¤Test did not sustain combustion.

Table 7 WL74 tests: mA scaling analysis

Test numbers
U1 for the case U1 for the case U1 for the case

5 in. 4 in. 3 in. U´1T D 3:5% U´1T D 5:0% U´1T D 8:0%
5 in. 4 in. 3 in. ´1T , % ´1T , % ´1T , % 1, % of reading, % of reading, % of reading, %

1 20 —— 62.3 63.7 —— 1.4 3.1
pa 4.5

p
7.1

p

2 21 —— 61.8 76.5 —— 14.7 3.4 4.9 7.9
3 22 —— 74.9 75.9 —— 1.0 3.7

p
5.3

p
8.5

p

125 21 —— 66.4 76.5 —— 10.1 3.5 5.1 8.1
127 22 —— 74.4 75.9 —— 1.5 3.7

p
5.3

p
8.5

p

—— 17 41 —— 71.4 66.7 4.7 3.4 4.9
p

7.8
p

—— 18 42 —— 83.6 ¤b —— —— —— ——
—— 19 43 —— 81.2 ¤ —— —— —— ——
4 23 —— 64.9 68.1 —— 3.2 3.3

p
4.7

p
7.5

p

5 24 —— 68.6 84.3 —— 15.7 3.8 5.4 8.7
6 25 —— 69.6 83.3 —— 13.7 3.8 5.4 8.7
—— 26 44 —— 67.1 63.0 4.1 3.2 4.6

p
7.4

p

—— 27 45 —— 83.8 77.1 6.7 4.0 5.7 9.1
p

—— 28 46 —— 81.0 76.1 4.9 3.9 5.6
p

8.9
p

Number of matching cases (1 < U1 ) for 12 comparisons 4 7 8
% Matching of total comparisons 33 58 67

ap Indicates a match. b¤Test did not sustain combustion.

for pD scaling is due to the lower combustion pressures or possibly
some other reason, such as heat loss having less effect on the larger
size combustors.However, for the 3.5%of readinguncertaintylevel,
which may best characterize the comparison of the WL test results,
only 6 of 10 tests were matched. Also, it is important to note that
the WL76 tests represent a much less comprehensive set of test
conditions and parameter changes than do the WL74 tests.

The overall results of Table 9 indicate that the scaling methods
for the WL74 3-, 4-, and 5-in. combustor tests do not match over the
range of variations in test conditions for either of the scaling meth-

ods. The tests that used pD scaling have a wider range of different
parameters including different combustor Mach number, combus-
tion pressure, combustor length-to-diameter ratios and fuel-to-air
ratios. The tests that correspond to mA scaling include changes in
combustion pressure and fuel-to-air ratio. Altogether, even at the
uncertainty level of 5% of reading, the percentage of matched con-
ditions was 27 and 58% for pD and mA scaling, respectively. This
may leadone to concludethatmA scalingis superiorto pD scalingfor
the conditions evaluated. However, the goal of any scaling method
is to scale consistently the thermal ef� ciency values from one size
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Table 8 WL76 tests: pD scaling analysis

Test numbers
U1 for the case U1 for the case U1 for the case

5 in. 8 in. 12 in. U´1T D 3:5% U´1T D 5:0% U´1T D 8:0%
5 in. 8 in. 12 in. ´1T , % ´1T , % ´1T , % 1, % of reading, % of reading, % of reading, %

—— 206 214 —— 75.6 75.7 0.1 3.7
pa 5.3

p
8.5

p

—— 207 215 —— 81.8 79.3 2.5 4.0
p

5.7
p

9.1
p

202 208 —— 75.6 76.4 —— 0.8 3.8
p

5.4
p

8.6
p

202 —— 216 75.6 —— 77.5 1.9 3.8
p

5.4
p

8.7
p

—— 208 216 —— 76.4 77.5 1.1 3.8
p

5.4
p

8.7
p

—— 209 217 —— 77.7 83.3 5.6 4.0 5.7
p

9.1
p

—— 210 218 —— 84.9 80.4 4.5 4.1 5.8
p

9.4
p

—— 211 219 —— 83.5 80.7 2.8 4.1
p

5.8
p

9.3
p

—— 212 220 —— 84.3 80.1 4.2 4.1 5.8
p

9.3
p

—— 213 221 —— 84.0 78.0 6.0 4.0 5.7 9.2
p

Number of matching cases (1 < U1 ) for 10 comparisons 6 9 10
% Matching of total comparisons 60 90 100

ap Indicates a match.

Table 9 Comparison of scaling methods for various conditions

Matches for U´1T D 3:5% of reading

Test conditions mA pD

Theoretical combustor pressure (5 in. pressure for pD scaling)
40–60 psia 3

6
6
26

60–80 psia 1
3

0
3

>80 psia 0
3

1
1

Combustor Mach number

Mcomb D 0:1 —— 0
2

Mcomb D 0:3 4
12

6
24

Mcomb D 0:5 —— 1
4

Length/diameter

L=D D 3:0 4
12

7
27

L=D D 2:25 —— 0
3

Target fuel/air ratio

0.025 2
4

2
9

0.040 0
4

2
12

0.055 2
4

3
9

combustor to another. In such a case, if only 50–60% of the tests
provide correctly scaled values, there would be no con� dence in the
scaled results.

Implications of Results of Scaling Tests
From the data presented for both pD and mA scaling, there is

no convincing evidence to support the use of either method for
predictingperformanceof one combustor by testing a combustorof
another size. In fact, the experimental data support the conclusion
that both methods fail to provide appropriate scaling of results.

If one must choose one of these methods for scaling, however,
there are other implications and observations that can be made. The
pD scaling method is more dif� cult to implement in a subscale test
program. The air requirement (and, consequently, vitiator � ow re-
quirement) for scaling down in size using pD scaling is more than
that of mA scaling. For instance, if a subscale combustor has a di-
ameter of one-half of the full-scale combustor, pD scaling requires
one-half of the full-scale � ow rate, whereas mA scaling requires
only one-quarter of the full-scale � ow rate. This difference in � ow
rate requirement allows a greater scaling range for the least facil-
ity requirements when using mA scaling. Furthermore, the higher
operational pressure of pD scaling requires more robust hardware,
which may incur additional costs.

Another observation that can be made from the analyticaldiscus-
sion of similarity in ramjet combustion is that mA scaling may be
more appropriate when scaling combustors that do not rely strictly
on global � uid mechanicsof the � ow� eld for � ame holding.In some
ramjets, screens to promote � ne-scale turbulence or other geomet-
ric obstructions are used to promote � ame holding. In such cases,

mA scaling may well be the better method because the chemical
kinetics would still be matched and the � ow� eld replication may
not contributeas much to performance.Another similar case occurs
when hotparticlesfrom a gas generatorare exhaustedinto the ramjet
burner to promote ignitionand � ame holding. In that case, localized
chemical kinetics would appear to be more important than � ow� eld
replication, which again would imply that mA scaling might be the
better scaling method for that case.

Conclusions
The evaluation of scaling methods indicates that neither pD or

mA scaling provides satisfactoryscaling of thermal ef� ciency in the
different-sizedcombustors.Despitepreviousstudies3¡5 that endorse
the use of pD scaling, the only experimental evidence available
indicates that the method does not provide consistent scaling of
results throughout the range of experimental conditions that have
been reported if reasonable levels of experimental uncertainty are
assumed.

However, if one must use one of the scaling methods, there are
several reasons to choosemA scaling.The method is easier to imple-
ment, providesa greater scaling range (for a given facility), and may
match conditions that do not require � ame holding by large-scale
� uid mechanic structures.
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